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It is known that a subset of fractional quantum Hall wave functions has been expressed as confor- 
mal field theory (CFT) correlators, notably the Laughlin wave function at filling factor i/ = 1/m (m 
odd) and its quasiholes, and the Pfaffian wave function at v = 1/2 and its quasiholes. We develop a 
general scheme for constructing composite-fermion (CP) wave functions from conformal field theory. 
Quasiparticles at v — 1/m are created by inserting anyonic vertex operators, Pj_ (z), that replace a 
subset of the electron operators in the correlator. The one-quasiparticle wave function is identical to 
the corresponding CF wave function, and the two-quasiparticle wave function has correct fractional 
charge and statistics and is numerically almost identical to the corresponding CF wave function. 
We further show how to exactly represent the CF wavefunctions in the Jain series v — s/(2sp + 1) 
as the CFT correlators of a new type of fermionic vertex operators, Vp,n{z), constructed from n free 
compactified bosons; these operators provide the CFT representation of composite fermions carry- 
ing 2p fiux quanta in the n*^ CF Landau level. We also construct the corresponding quasiparticle- 
and quasihole operators and argue that they have the expected fractional charge and statistics. For 
filling fractions 2/5 and 3/7 we show that the chiral CFTs that describe the bulk wave functions 
are identical to those given by Wen's general classification of quantum Hall states in terms of K- 
matrices and /- and t-vectors, and we propose that to be generally true. Our results suggest a 
general procedure for constructing quasiparticle wave functions for other fractional Hall states, as 
well as for constructing ground states at filling fractions not contained in the principal Jain series. 

PACS numbers: 73.43.-f, 11.25.Hf 



I. INTRODUCTION 



The evidence for an intriguing connection between conformal field theory (CFT) and the fractional quantum Hall 
effect (FQHE) was accumulating in the 1980s. It was reahzed that the effective low-energy theory of the FQHE 
is a topological field theory of the Chern-Simons type, where the exchange phases of the anyonic quasiparticles and 
quasiholes are coded in the braiding properties of the corresponding Wilson loops^. Witten's subsequent demonstration 
that the braiding of the Wilson loops are reflected in the correlation functions of certain CFTa^ suggested a CFT- 
FQHE relationship, which was further strengthened by Wen, who proposed that the gapless chiral edge modes of a 
FQH-droplet are described by a chiral 1 + 1 dimensional CFT^^. It was also noticed that the holomorphic part of the 
Laughlin wave function takes the form of a correlator of bosonic exponents, or vertex operators, in a two dimensional 

The 1991 paper by Moore and Read was particularly important since it synthesized many of these ideas and made an 
explicit conjecture about the CFT description of quantum Hall (QH) states containing two parts: 1. "Representative" 
electronic wave functions for the ground state and its quasiparticle and quasihole excitations are correlation functions, 
or, more precisely, conformal blocks, in a rational conformal field theory (RCFT) where the various particles correspond 
to different primary fields. 2. The very same RCFT describes the edge excitations of the corresponding FQH droplet. 
In their paper Moore and Read gave some striking circumstantial arguments to support their conjecture, and they 
also showed that many FQH states, namely the Laughlin state, the states in the Halperin-Haldane hierarchy, their 
quasihole excitations, the Halperin spin singlet state^, and the Haldane-Rezayi spin singlet pairing stat^, may be 
represented in terms of conformal blocks. All this might have been criticized for being just a reformulation of old 
results, but Moore and Read also used the CFT formahsm to propose a new v = 1/2 state, the so-called Pfaffian 
wave function, which is tentatively assigned to the observed v = 5/2 FQHE. The quasiholes in this state have charge 
q ~ 1/A rather than g = 1/2 expected from the filling fraction, and exhibit non-Abelian fractional statistics. To 
establish the latter it was essential to use CFT technology.'^ 

Despite this advance one and a half decades ago, the program of establishing a one-to-one correspondence between 
QH states and conformal field theory has remained incomplete. No explicit conformal field theor y e xpressions have 
so far been established for many important FQHE states; in particular, despite interesting progress^, this is the case 
for the ground state wave functions of the prominent FQHE series v = s/(2sp± 1), and their related quasihole or 
quasiparticle excitations. (Expressions for the states in the Haldane-Halperin hierarchy were given in Ref. SI but 
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these are indirect, involving multiple integrals over auxiliary quasihole coordinates.) Surprisingly, a proper conformal 
field theory representation does not exist even for the quasiparticles - as opposed to quasiholes - of the FQHE state 
at V = 1/m and the Pfaffian wave function at v = 1/2."*^ 

It is worth reminding ourselves what we can hope to accomplish using CFT techniques: We cannot "derive" the 
FQHE wave functions, since the CFT does not contain any information about the actual interelectron interaction. It 
is true that the short distance behavior of the electronic wave functions is reflected in the operator product expansion 
of the pertinent CFT vertex operators, but only in the simplest cases can this be directly related to a potential of 
the Haldane-Kivelson-Trugman type. Thus we can only hope to get "representative wave functions" in the sense of 
Moore and Read, and any new candidate wave function suggested by the CFT approach must be tested and confirmed 
against exact solutions of the Schrodinger equation known for small systems. The crucial question is if the CFT wave 
functions are sufficiently natural and simple to give new insight into the physics of the problem, facilitate computations 
of quantities like local charge and braiding statistics, and most importantly, inspire new generalizations. Finally, we 
should point out that we know of no general microscopic principle that requires that the correlated quantum mechanical 
wave functions of interacting electrons in the lowest Landau level should be expressible as simple correlation functions 
of certain vertex operators in a two dimensional Euclidean rational conformal field theory. 

An insight into the general FQHE states comes from the composite fermion (CF) formalisrrP^IIll, Here the exper- 
imentally prominent Jain states dX v — s/{2sp + 1) are formed from s filled Landau levels of "composite fermions," 
which are electrons carrying 2p fiux quanta. Other CF states, as e.g. the Pfaffian, which is the preferred candidate 
for the observed v = 5/2 state, can be formed by various BCS type pairing mechanismpJ^. In the CF description, a 
quasihole is obtained simply by removing a composite fermion from an incompressible FQHE state, and a quasipar- 
ticle is a composite fermion in a higher, otherwise empty CF Landau level (LL). (CF Landau levels are also called A 
levels.) Explicit wave functions are constructed for all ground states and their quasiparticle and quasihole excitations. 
(The asymmetry between quasiparticles and quasiholes occurs since they reside in different CF Landau levels.) The 
CF approach is very successful, both in comparison with experiments and with numerical studies of two-dimensional 
electron gases in strong magnetic field^^. 

The issue of fractional charge and fractional statistics of the composite fermions is a subtle one. The quasiparticles 
and quasiholes are composite fermions added to or removed from a CF Landau level. From one perspective, they have 
unit charge and fermionic statistics. Indeed, the addition of one composite fermion increases the number of electrons, 
and hence the net charge, by one unit, and the fermionic statistics of composite fermions has been confirmed by 
numerous experiments {e.g. the observation of their Fermi sea). On the other hand, the CF quasiparticles and 
quasiholes have a fractional "local charge" (where the local charge is the charge measured relative to the background 
FQHE state) and a fractional braiding statisticd^^ESEIIIIl These properties capture the physics that adding or 
removing a composite fermion causes nonlocal changes in the state, because the vortex, a constituent of the composite 
fermion, is a nonlocal object. This should be contrasted with the analogous process in the integral QHE, which is 
essentially local (the Landau level projection destroys locality only on the scale of the magnetic length £) , and can 
be described by a local, charge-e operator ip'Li^)^ where the subscript denotes the Landau level index. No such local 
operator can be constructed for the creation of a composite fermion, since the local charge of the quasiparticle differs 
from that of the electron. The fractional statistics of the quasiparticles also implies that they cannot be described by 
local operators, as emphasized by Frohlich and MarchettP^. Even though fractional charge and fractional statistics 
cannot be read off directly from the CF wave functions, they nonetheless contain that information, not surprising in 
view of the fact that the CF construction provides a good description of all the low energy states. We mention here 
the quasiparticles at v — 1/m, for which the CF wave function differs from that proposed earlier by LaughlirP^. The 
calculation of the Berry phase associated with two-CF quasiparticle exchange, originally performed by Kj0nsberg and 
Leinaa^^ and subsequently by Jeon and coUaborator^^^, shows that the braiding statistics for the CF quasiparticles 
has a sharply defined fractional value; for the Laughlin quasiparticles, in contrast, numerical calculations do not 
produce a convergent result for the statistical angle^^. 

In this paper we establish a firm connection between CF wave functions and CFT correlators. Specifically: 

1. We construct the quasiparticles oi v — \/m (m odd) using a new kind of anyonic vertex operators Pj_. For a 
single quasiparticle, the resulting wave fimction is identical to that obtained using the CF theory. A generaliza- 
tion to two or more quasiparticles produces wave functions that are very similar to the CF wave functions but 
not identical. For two quasiparticles dX v = 1/3, the overlap between the two wave functions is typically 99.99% 
for as many as 40 electrons. 

2. We show that the ground state wave functions in the Jain series v — nj (2np + 1) are exactly given by sums of 
CFT correlators of a set of vertex operators, Vnp, which in the CF language correspond to creating composite 
fermions in higher CF Landau levels. 

3. We generalize the construction of the quasiparticle operator Pj_, as well as of the quasihole operators, to higher 
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levels in the Jain sequence; at level n, there are n independent hole operators and one quasiparticle operator. 
The vertex operator Vn,p at level n is closely related to the quasiparticle operator at level n — 1. 

4. We demonstrate that the very CFT that yields the CF wave functions also directly defines an edge theory for 
the Jain states that is precisely the one expected from the general arguments given by WeiP. 

Our CFT construction has many advantages, (i) At the technical level, it produces accurate wave functions directly 
in the lowest Landau level with no need for projection, and the charge and statistics of the quasiparticles are revealed 
in the algebraic properties of the corresponding operators, just as in the case of the quasiholes of the v — 1/m states, 
(ii) Although the eff'ective edge theory for the Jain states was known from general principles, we provide a direct 
derivation from a CFT where the conformal blocks yield microscopically accurate bulk wave functions, (iii) It gives 
a new insight and suggests new extensions; a generalization of this work produces natural ansatze for quasiparticle 
wave functions for more complicated CF states such as the Moore-Read Pfaffian state, as well as for ground states at 
fractions {e.g., 4/11), which do not belong to the principal Jain series. 

The paper is organized as follows. In the next section we explain the basic ideas behind our construction and give 
explicit wave functions for one- and two-quasiparticles, as well as that for a quasiparticle-quasihole pair. The general 
structure of the CFT description of the states in the Jain series is discussed in section [ill] while the detailed technical 



proof for the equivalence between the CF and the CFT wave functions is left for Appendix |B] In section IV we explain 
the construction of the edge theory, and in section |V] wc construct localized quasiparticle states and show how to 
extract charge and statistics from the relevant Berry phases; the latter can be ascertained analytically if we make a 
random phase assumption. Some details of the calculations are found in Appendix [C] Section |V presents numerical 
calculations supporting our claims in sections |ll] and fV] and, finally, a summary is found in section 
on parts of this work has been published previously^. 



VII A short report 



II. ONE AND TWO QUASIPARTICLES IN THE LAUGHLIN STATE 

A. The ground state and the quasihole states 

We first review some of the basic formalism of the CFT construction of QHE wave functions, in particular the 
construction of the ground state and quasihole wave functions at the Laughlin fractions h' — 1/m, where m is an odd 
integer. Following Moore and ReacP, we introduce the normal-ordered vertex operators, 

Vi{z) = : e'^'^if^) : (1) 
H^iTj) = le^^^^");, (2) 

where the normal ordering symbol : :, will be suppressed in the following. The free massless boson field, ipi, is 
normalized so as to have the (holomorphic) two point function 

{ifi{z)ifi{w)) = -ln{z -w) , (3) 

so that the the vertex operators obey the relations 

^iaipi(z) ^iPipi{w) _ ^iTraP^if3ipi{w)^ia:pi(z) _ _ ^-^af3 ^ia:pi(z)+iPipi{w) 

~ (z-U,)"'3e*("+/3)¥'i(«') (4) 

where the last line expresses the operator product expansion (OPE) in the limit z — > w. From Q follows Vi{z)Vi{w) + 
Vi(w)Vi(z) = 0, and H^{z)H^{w) - e"/"'H^{w)H^{z) = 0. The first of these reflects that the electrons are 
fermions, while the second is appropriate for fractional statistics as discussed in reference [3]. 
We normalize the (holomorphic) U{1) charge density operator as 



J{z) = -^d,^i{z) (5) 



so the corresponding charge is given by 



Q= (h dzd^ipi{z), (6) 
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where the contour encircles the whole system. The U{1) charges, Q = 1 of the electron and Q = l/m of the quasihole, 
can be read directly from the commutators [Q, Vi(2;)] = Vi{z) and [Q, H±_ (ry)] = ^H±_ (ry). It is noted that Q does not 
give the electric charge; rather it has the interpretation of vorticity as seen from Q. Introducing a positive vorticity 
in a homogenous state corresponds to a local depletion of the electron liquid, while a negative vorticity amounts to 
a local increase in density. Thus the excess electron number compared with the ground state created by an operator 
with U{1) charge Q is given by 

An = 6n-Q, (7) 

where the integer 6n is the number of electrons added by the operator. If the argument of the operator is an electron 
coordinate, Zi, one electron is added, while no electron is added if the argument is a quasihole coordinate rji. (The idea 
of binding of an electron and m vortices was implicit in Laughlin's original work, and was made explicit by HalperinP, 
Girvin and MacDonald'^^ and ReacP^l.) 

The total electric charge of a particle is given by Qei = —eAn = e{Q — Sn). Note that the excess charge associated 
with the addition of an electron is zero, as expected, because this expands the droplet without creating any local 
charge variation. 

The (un-normalized) v = 1/m Laughlin wave function can now be written as (for notational convenience, we write 
^(zi) instead of ^'({z,;})): 

v|/l(z,) = {0\TZ{Vi{z,)Vi{z2)...Vi{zN-i)Vi{zN)e-'^P"^f^"''^'^'')}\0) (8) 
= (^1(21)^1(22) . . ■ Vi{zr,^i)V,{zN))i/^ 

= n(.,-.^.)"e-2:j^.iv«^, 

where TZ denotes radial ordering. The second line defines the average (. . . )i/m, and the third follows for the ordering 
l-Zil > \z2\ > ■ . ■ l^jvl, which will be assumed below unless indicated otherwise. In the following, we shall suppress the 
subscript 1/m whenever it is clear to what ground state we are referring. The exponential operator in (8]) corresponds 
to a constant background particle density, pm = —Pq/iti, where po — l/27r^^ is the density of a filled Landau level. 
This is necessary since the C/(l) charge neutrality condition, known from the Coulomb gas formulation, in the CFT 
ensures that the correlator vanishes unless N = / d^z = Pm-A-, which defines the area. A, of the system. As 

explained in reference [1], the background charge will produce the correct gaussian factor e"^* '^'1 Z**^ characteristic 
of the lowest Landau level wave function. For a more detailed discussion of this background charge prescription, see 
Appendix |A] 

The wave function for a collection of Laughlin quasiholes is also easily written: 

^-^(771 . . . 7y„; z,) ^ (i/i(77i)i/i(r,2) . . . ffi(ry„)t/i (21)^1(22) . . . V^{zn_^)Vi{zn)) . (9) 

In this case the charge neutrality condition reads N + n/m = pmA' , indicating an expansion of the droplet. From 
the general relation Q we get H j^{z)Vi{w) + Vi{w)H j^{z) — which guarantees that (|9| is uniquely defined and 
analytic in the electron coordinates. 

Very little of the rather sophisticated mathematics of CFT will be used in this paper, but a few formal comments 
are in order. A CFT is in general not defined by a Lagrangian, but by an operator product algebra, or set of fusion 
rules, together with a specification of the field content defined by the so-called primary fields. The CFTs of interest 
here are defined by a Lagrangian describing a collection of free bosons, (fi, compactified on circles of radius Ri = yjrni 

where are odd integers. The primary fields are given by the chiral vertex operators Vi^z) — • h^ViI^; where 
the integers qi define the charge lattice describing the possible "electric" charges in the Coulomb gas formulation 
of the CFT. The vertex operators satisfy an extended chiral algebra that, together with the charge lattice, defines 
the relevant CFT, which in this case is called a "rational torus" with radii y/m-; this is an example of a rational 
CFT. Acting on the primary fields with the generators of the conformal group gives families of "descendant fields", 
which can be expressed using derivatives of the parent primary fields. Such descendant fields will be important 
in the construction of quasiparticle operators presented in the next section. The full CFT contains fields of both 
chiralities and has correlation functions that can be written as (in general a sum over) products of holomorphic and 
anti-holomorphic factors, so-called conformal blocks. The holomorphic blocks are precisely the correlation functions of 
chiral vertex operators that we have identified with the electronic wave functions. In general, these blocks also depend 
parametrically on quasiparticle and quasihole coordinates, and acquire nontrivial phase factors, called monodromies, 
when these coordinates are transported along closed loops. It is these monodromies that reproduce the braiding 
phases that also can be calculated from the expectation values of Wilson loops in a Chern-Simons theory. A detailed 
discussion of the conditions that a CFT has to fulfill in order to describe a QH state can be found in Ref. [231 
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B. One quasiparticle 



The most immediate guesgl- for a quasiparticle operator would be to simply change the sign in the exponent in the 

quasihole operator of (|2|), i.e. to use e"^'''^ That, however, introduces unacceptable singular terms ~ Yiii'^i^v)^^ 
in the electronic wave function. Inspired by the CF wave functions, we instead define a quasiparticle operator, P±_ (z), 
which has a U{1) charge (1 — l/m), and that will replace one of the the original electron operators Vi{z). We can 
thus think of P{z) as a modified electron operator, but with a different amount of vorticity. The excess electric 
charge associated with such a modification is the difference between the charges of the operators Vi and Pj_ i.e. 
AQe! = e((l — l/m) — 1) = —e/m, as appropriate for a quasiparticle at v — l/m. The modified electron operator is 
given by 

Pj_{z)^de'^^-V^'>'''^'\ (10) 
and the wave function for a single quasiparticle with angular momentum I is written as 

^i'ip(^.) = A{z{e-\^^\'/^"^'\Pj^{z,)V,{z2) Vi(zAr))} (11) 

= 5:(-l)^+iz^e-l-l^/^'"^^P^(z,)n^i(-.)) 

= E(-i)'^' n(^^- - ^^^r^^ll{zl z,r-\ 

where A denotes anti-symmetrization of the coordinates. The second line follows by noting that the anti-symmetrized 
product has the form of a Slater determinant which is then expanded by the first row. From Q we get Pi_ {z)Vi{w) — 
Vi{w)Pi^{z) — 0, so the radial reordering of the quasiparticle operator does not give rise to any sign change. The 
anti-symmetrization with respect to the remaining coordinates is trivial since Vi{z)Vi{w) + Vi{vj)Vi{z) = 0. The 
charge neutrality condition now reads TV— 1 + (1 — -) = PmA", so the droplet has undergone a small contraction, as 
expected for a quasiparticle. 

follows naturally from the above charge requirement (and may be viewed as a combination 



While the exponent of ( 10 



of an electron operator and an "inverse" quasihole operator), the derivative has been put in "by hand". Without 
the derivative, the wave function (fTTl) can be shown to be identically zero. Technically, Pj^{z) is a descendant of the 



primary field, e**-^^ v^)'^(^)^ a construction that naturally generalizes to more complicated QH state^^U, Note that 



the derivative in (111 acts only on the holomorphic part of the wave function 
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The quasiparticle wave function of (111 has a different character than those written above for the ground and 
the quasihole states, in that it is a sum over correlators, and that it involves prefactors /i(zi) = ^'e"'^*' ^'^"^^ . 
The factor sets the angular momentum, while the exponential factor is chosen to give the correct lowest Landau 
level (LLL) electronic wave function: Due to its modified charge, the quasiparticle operator Pj_{zi) gives rise to an 

exponential factor exp(— |zip(l — l/m)/4£^), and the compensating prefactor ensures that the overall gaussian factor 
is exp{— |zjp/(4€^)}. Here and in the following, we suppress exponential factors of the correlators whenever 
convenient, but fully display all prefactors for clarity. It is suggestive that the prefactors /i precisely constitute the 
angular momentum I wave function "tpiiz) — z'e~'^' ^^™^ for a charge e/m particle in the LLL. Although we have 
no formal derivation of this, we find below a similar interpretation in the case of several quasiparticles, where their 
anyonic nature is also manifest. 

As pointed out previously, the quasiparticle wave function above is obtained by modifying one of the electron 
operators, rather than inserting a new operator. This is very suggestive of the CF picture of a quasiparticle as an 
excitation of a composite fermion to a higher CF Landau level. In fact, what originally led us to construct the 
operator Pj_ was the observation that the wave function (llll) is identical to the corresponding CF wave function (Eq. 
5 of ref. I25p . which is known to have a good variational energy and the correct fractional charge. In spite of this 
identity, however, there are two differences between the present derivation and the CF construction that deserve to be 
noted: First, the present formalism is entirely within the lowest Landau level. The CF construction of wave functions, 
on the other hand, involves placing composite fermions in higher CF Landau levels and subsequently projecting onto 
the LLL by replacing all z:s by derivatives in the resulting polynomial. Technically, of course, when deriving the 



one-quasiparticle wave function, the derivatives in (111 enter in the exact same places as those due to projection in 
the CF construction - but no projection is needed in the present formalisrrPfil. We return to this point in section 
where we construct the ground states of the Jain sequences aX v — n/{2np + l).E2l Second, in spite of the close 
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relation to composite fermions, the operator Pj_{z) is not fermionic, as can be seen from the commutation relation 
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Pi(z)Pi(w) -e*'^("-2+V™)p^(iy)p^(2) = or the OPE P^{z)P^{w) - {z-w)"^-^+^ e^^-^^viM ^ that follow 
from (|4f. The precise connection to composite fermions will be discussed in the section on the v = 2/5 state below. 
Although the fractional exponent 1/m suggests fractional statistics, one cannot directly read the statistical angle 
from the two-point function. This issue is discussed in more detail in section [V] 



C. Two or more quasiparticles 



Based on the experience with the single quasiparticle case, we expect the wave function for M quasiparticles to be 
of the form 

^^Mqp{z^) - A{fM{zi...ZM){P^{zi)...Pj_{zM)Vi{zM + l) Vi(zjv))}. (12) 

The form of /m is determined by the condition that the final electronic wave function be analytic and antisymmetric, 
with limiting behavior ^ (zp — with the relative angular momenta Ipq > 1 and odd. Because the correlator 
gives non-analytic factors of the type dpdq{z.p — 2:^)™~2+i/r?x fj-Qj-^ contractions among quasiparticle operators, we 
choose 

M 

fM{z, . . . zm) = 9{Z) X{{zp - z,)i+'--i/™e- 1-1^/4™^^ , 

p<q 

where Z — X^i^i the center of mass coordinate. Again, the exponential factors are included to give the correct 
gaussian factor exp[— |zjp/(4£^)] in the A^-electron wave function. As anticipated in the case of one quasiparticle, 
is just the LLL wave function of M anyons with fractional charge e/m. 
To cast (|12|) in a form suitable for computation, we will use the following formula, which generalizes the expansion 



by a row used in (111 above: 

M 

A {l[{zp-Zgy-'/^+''-^Pj^{zi)...Pj^{zM)Vi{zM+i) Viiz^)} (13) 

p<q 

M 

- ^(-1)^" 1 '''7^{^(^., - z.J^-^/'"+'-Pi(zH) ■ • • Pi(^.„)i^i(^i„+J . . . v^i(z?J}, 

{in} P<1 

where the sum is over all subsets {ii . . . of M of the N integers, and {ii . . . im} is the conjugate subset of — M 
integers. The proof is found in Appendix |B 1[ 

Using this result, the wave functions for two quasiparticles with total angular momentum L and relative angular 
momentum I can be written as 

^2qM)= = 5](-l)^+^Z,§(z.-z,)'+'-"e-lii-(l^-l^+l^^l^)(P^(z,)Pi(z,-) n V,{z^)), (14) 

where Zij ~ {zi + Zj)/2. Evaluating the correlator we obtain the following explicit form for the wave function for two 
quasiparticles with relative angular momentum I and center of mass angular momentum L, 

*2t(^.) = J2{-^r+'^^A'^ - ^,v^''-d.AM - ^.)"-'+" (15) 

i<j 

iij) 

[]('^")(Z, ~ Z,r-^ XY''\ZI ~ 2,)™-l [](Z,„ - Z„)™, 
k I m<n 

where the derivatives act on the whole expression to their right, and Hfe^*"''' = 11^=1 Y[i<] — Y[^i<i ■ 
The corresponding wave function in the CF approach is given by^S 

*2fp(^.) = Y.{-^y+'^t,{z.-z,yd.^d.^{z,-z,r-^ (le) 
'[Y'^\zk - z,r-' Yi'^'^Hzi - z,)"-i Y[{zm ~ z^r ■ 
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The two wave functions differ by terms wherein the derivatives in (16 1 act on the factor (z^ — zjY ™ • It is knowrP^ 



that the CF wave function in (16 1 gives the correct fractional charge and statistics of the two-quasiparticle state. The 



first non-trivial test of our construction is therefore to check whether the CFT wave function ( 14 1 shares these good 
charge and statistics properties. This is indeed the case, as demonstrated by our numerical simulations, which are 
summarized in section [V| below. These results show that the two wave functions are essentially identical (for example, 
their overlap is 99.969()for 50 particles). This can be understood from the following heuristic arguments: First, since 
the derivatives in (16 1 act on a function which is a polynomial of order N in both and Zj, this will generate 0{N^) 



terms. It is unlikely that the few terms picked up by acting on the first factor will be significant. Secondly, these 
terms are sub-leading in the coordinate difference {zi — Zj) between the quasiparticles, and thus unlikely to affect 
qualitative properties. 

D. Quasiparticles and quasiholes 

Wave functions for pairs of quasiparticles and quasiholes can be constructed by inserting pairs of the corresponding 
operators into the CFT correlator for the Laughlin ground state. The simplest case is a quasiparticle at the origin 
together with a quasihole at position 77, given by 



vl/,j,_,„(z„r,) = ^{e-l^il'/4'"^'(Pi(zi)T/i(z2) l/i(zjv) (?/))} (17) 



(i) 

= E(-i)^ n(^^- ^ ^fc)'" n(^^- - ^) 9^ n(^' - ^»)""' - ^^^^^^ 

i j<k j^i l^i 

where the antisymmetrization acts on the electron coordinates Zi only. More generally, a quasiparticle localized at 
some position rj' away from the origin may be constructed as a coherent superposition of the angular momentum 



states given in ( 11 1 



For states with equally many quasiparticles and quasiholes, the background charge does not have to be changed 
from its ground state value. In this sense, wave functions of this type are the natural low energy bulk excitations that 
do not require any compensating edge charge. On a closed surface, no fractionally charged states are allowed. 

III. COMPOSITE FERMION STATES IN THE JAIN SERIES 

A. The f = 2/5 composite fermion ground state 

In the composite fermion picture, the ground state wave functions at fillings u = n/(2np+ 1) are constructed as n 
filled Landau levels of composite fermions with 2p fiux quanta attached. In particular, the v — 2/5 state corresponds 
to filling the lowest two CF Landau levels. This state may thus be viewed as a "compact" state of N/2 quasiparticles, 
i.e. the CF:s in the second Landau level are in the lowest possible total angular momentum state. 



To explore the connection to our CFT construction, we generalize the two-quasiparticle wave function (151 of the 
1/m state to the M-quasiparticle case, with M = N/2, and consider a maximum density circular droplet obtained by 
putting all the quasiparticle pairs in their lowest allowed relative angular momentum {£ = 1), and with zero angular 
momentum for the center of mass (L = 0). For simplicity we shall also take m = 3 (and suppress the subscript m on 



the operators) since the generalization to arbitrary odd m is obvious. Using (13) and evaluating the correlators, the 
wave function for M quasiparticles reads 

M M 
il<i2<---<iM k<l k'<l' 

ki k-2 kn m<n 

Since the anyonic wave function on the first line has the form of a Jastrow factor, it is natural to introduce a second 
free bosonic field ^P2{z). In fact, by defining 

V{z) = e'y§'^2(^)9e*73'^i(") , (19) 
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we find that ( 18 1 may be written in the following compact form 

M N 

^M,p{z^) = A{{l[V{z,) n (20) 

i=l j=M+l 

i.e. as a sum of correlators of M V:s and {N — M) Vi:s. 

Again, this expression differs from the corresponding CF wave function only in the ordering of the derivatives and 



the Jastrow factors in the first line of (18 1. Indeed, as demonstrated in Appendix B the CF wave function is obtained 



simply by moving all the derivatives all the way to the left. Let us therefore define 

V2iz) = 9e'^'^^'^^e*\/t'^^(^) , (21) 

where the derivative now acts on both the exponentials, and consider the case N — 2M. We then find that the 
following sum of correlators of M V2:s and M Vi:s: 

M 2M 

^Vsl^O = A{{X{v^{z,) n (22) 

i=l j = M+l 

= E {-l)^^'"'{V2{ZrJ-.-V,{z,JV,{z,J...V,{zjJ) 
ii<i2...iM 

exactly reproduces the {N — 2M)-electron CF wavefunction for v — 2/b. 

The operators V^^Zi), as opposed to the P(zi):s, are real fermionic operators in that they anticommute among 
themselves, but commute with Vi(zi):s, just as the P{zi):s. Note that the form of V2 was determined entirely from 
the form of the maximum density M-quasiparticle wave function, so its fermionic nature was not an input. If we want 
to interpret V2 as a composite electron operator, it should have the same charge as Vi. This is ensured if we redefine 
the charge density operator as 

J(z) = -^d^iiz) + -^dv2{z). (23) 



This construction may seem ad hoc in the sense that we fix the coefficient of Lp2 by hand so as to obtain the correct 
charge. However, we shall see below that this choice is consistent, in that it produces the correct charge for the 
quasiholes in the v = 2/b state. 

Fulfillment of the charge neutrality condition for the vertex operators V2 requires a background charge, which for 
the maximum density circular droplet can be assumed to be constant. Furthermore, this density must reproduce the 
correct exponential factor for electrons in the LLL. The latter is achieved by redefining the expectation value as 

^. . . ^2/5 = (0| . . . e^'^^='-/'^'^^"='^2(z)g-»\/3p3/^ rf^zyi(z)|Q^^ (^24) 

where pz = (l/15)po, so the total background electron density is (1/3 + l/15)po — (2/5)po- We stress that this value 
is not an input, but follows from demanding that V2 describe unit charge particles in the LLL, which was what led us 
to the above form ( [23| of the charge density operator. We now show that this state is indeed homogeneous, i.e. that 
the droplets formed by the N /2 = M Vi.s and the M V2:s have the same area. Charge neutrality gives the following 



conditions on the areas A and A integrated over in ( 24 ) 



2 



\/3M+— M = \/3p3^ (25) 
v3 



which implies A — A and thus homogeneity. From the perspective of composite fermions, this correponds to two filled 
CF Landau levels, since the degeneracy is the same in all Landau levels. It would be interesting to redo the above 
construction on a closed manifold, where we would expect the concept of "filled CF Landau level" to emerge in a 
natural way from the condition that the correlators do not vanish. 

Alth ough it is possible to write general many-quas ipa rticle wave functions similar to the two particle wave function 
in (14), it is only the maximum density droplet of (18), and more generally the "compact" CF state^^SI^ that allow 



for a simple expression in terms of conformal blocks as in ( 20 1 ; for general relative angular momenta one still has 
to explicitly put in compensating (anyonic) wave functions by hand. In this general case, there is also no reason for 
introducing a constant background charge different from that of the "parent" v = 1/3, so there is no natural way 
to obtain non-zero correlators even if we were to introduce the field Lp2{z). As we see below, this would also be in 
confiict with the known properties of the charge 1/3 quasiholes. 
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B. The quasihole operators 



To create quasiholes in the 2/5 state, the operator Hi{r]) of (|2| is no longer appropriate since it does not give 

holomorphic electron wave functions, as is seen from, e.g. , (V2(z)-ffi/3(?7)) ^ (z — r/)^/'^. Instead, it is necessary 

to include the second Bose field, (p2, and construct quasihole operators of the form Hpq{rj) = e'^'^^'"^^'^^^'^^^^\ 
The coefficients p and q are determined from the requirements that (i) the wave function of any single quasihole be 
holomorphic, i.e. the power of the correlator between any quasihole operator and Vi{z) or V2{z) be a non-negative 
integer, and (ii) the resulting hole operator not be expressible as a combination (product) of the other quasihole or 
vertex operators. These conditions uniquely determine the allowed coefficients p and q, and lead to the following two 
fundamental quasihole operators for the v = 2/5 state: 

Hoi = e'A'^^^") (26) 



Using the charge operator corresponding to the charge density (23 1 one verifies that both these operators create 



quasiholes with charge 1/5. Note that this charge assignment is a prediction of our scheme, rather than an input. 



since the form of the charge operator (23) was determined independently from demanding V2 to have unit charge. All 



other allowed vertex operators can be constructed as products of Hoi{r]) and Hio{r]); the operators in (26) span the 
charge lattice. 



It is an easy exercise to construct the explicit electron wave functions obtained by inserting the operators ( 26 1 in 



the correlator (22). Not surprisingly, a direct correspondence with the composite fermion picture is again revealed: 
Inserting the operator Hio{r]) (with r/ = for simplicity) into the u = 2/5 ground state ( p2| ) exactly gives the wave 
function of a quasihole in the center of the lowest CF Landau level, while iJpi gives a quasihole in the second CF 
Landau level. Taking the product of the two quasihole operators, one obtains a charge-2/5 operator which, in the 
CF language, reproduces the wave function of a vortex, i.e. (for 77 = 0) two quasiholes at the origin, one in each 
CF-Landau level.'^ Section |v] clarifies the relation between these quasihole operators and Wen's effective bulk and 
edge theories for the ly = 2/5 quantum Hall state. 

If we would attempt to use the operators Vi and V2 to describe a 1/3 state with a small number of quasiparticles 
{e.g. by putting a compensating charge at the edge or at infinity by hand), we would be forced to use the operators 



( 26 1 for the quasiholes and thus be led either to a wrong charge assignment for the quasiholes or to redefine the charge 
operator as to make the V2:s carry fractional charge. This again stresses that the form of the charge operator as well 
as the various vertex operators is intimately tied to the particular ground state under consideration. 



C. The quasiparticle operator 



The quasiparticle operator of the ^ = 2/5 state is constructed in the same spirit as Pi given in (10), i.e. as 



a combination of an "inverse" quasihole operator and one of the electron operators, combined with an appropriate 



number of derivatives. Since in the 2/5 state there are two independent hole operators {Hqi and Hio in (26l) and 
two electron operators (Vi and V2), it superficially looks as if as there are four quasiparticle candidates. However, it 
can be showii2^that three of these are excluded as they do not produce non-zero wave functions, and one is left with 

Py^(z) = a2g^'Pi(-) + ;^'^2(.) (27) 

which corresponds to combining Hqi (a quasihole in the second CF Landau level) with V2 (a composite fermion in 
the second CF Landau level). Again, the two derivatives are necessary in order to produce a non-zero wave function 

M+l 2M+1 

^igp{z,)^A{P2/dzi) l[V2{z,) II Vi{z,)), (28) 

1=2 j=M+2 



and (28) is identical to the corresponding CF wave function. Note that, given the connection to composite fermions, 
it is very natural to have two different quasihole operators but only one quasiparticle operator: There are two filled 
CF LLs in which to create quasiholes, but the only way (except for higher excitations) to create a quasiparticle is to 
put one composite fermion in the third CF Landau level. 
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D. The V = 3/7 state and the Jain series 

As a final explicit example, let us construct the ground state and quasiholes of the v — ijl state, i.e. the third 



level of the v — s/{2s + 1) Jain sequence. The generalization to the full Jain series is given in Appendix B 3 



The 3/7 state is obtained from a correlator containing an equal number of Vi:s, V2:s and the new operator V3: 



and again, the result is precisely the v — i/l CF wave function (see appendix B3). The relevant charge density 
operator, which ensures unit charge of V3, is given by 

J(z) = -^d^M + -^d^2{z) + ^5^3(^). (30) 

It is easy to check that V'i{z) is fermionic, but commutes with both Vi and V2, and that the wave function written in 
analogy with ( p2| ) has filling fraction v — 3/7. In the language of composite fermions, this corresponds to filling up 
three CF Landau levels. In analogy with the 2/5 state, one finds three independent charge-1/7 quasihole operators, 
which exactly correspond to quasiholes in the third, second, and first CF Landau levels, respectively: 

Howiv) = e'tA^^^^^-A^^M (31) 
Operators for excitations with higher charge are obtained as products of these; for example, the product of all three 



is a charge-3/7 vortex. Again, it is straightforward to check that the operators (31 1 span the charge lattice. In direct 
generalization of the v = 2/5 case, the v = S/7 quasiparticle operator is given by a combination of the inverse hole 
operator in the highest occupied CF Landau level, i.e. -ffooii ^^'^ with one additional derivative, 

P3/7(z) = a3e'[75^i(^)+A'^^(^)+^'^^Wl . (32) 

The pattern for construction of higher level operators in the ly' = s/(2s + 1) series should now be obvious, and in 



Appendix B 3 we give the general expressions for the operators Vpn describing the electrons at the n}^ level in the 
n/(2np+ 1) series, as well as the corresponding current density operator. The proof that the CF wave functions for n 
filled CF Landau levels are reproduced by sums of correlators with an equal number of V^„:s (for fixed p) is outlined 
in Appendix |B 3[ The construction of the pertinent quasihole operators should be straightforward, although we have 
not derived the explicit formulae beyond the ones given above. 

From the general expressions of the operators, it is easy to see that two operators Vpn{zi) and Vpn{zj) at the same 
level give a factor (zi — Zj)'^^'^^ in the correlatio n fu nction, while two operators Vp^mizi) and Vp^nzi^j) at different 



levels produce a factor {zi — ZjY^ (see appendix B3l. This gives an alternative way to calculate the filling fraction. 



and also demonstrates that the limiting value for n 00 is u ^ \ /2p 



IV. CONNECTION TO EFFECTIVE CHERN-SIMONS THEORIES AND EDGE STATES 



Wen has developed a general effective theory formalism for the QH liquids based on representing the currents by 
two dimensional gauge fields a/^ with a Chern-Simons actiorP, 

C = -^Kjj,ai^d,arx e^"^ - ^A^d^tiaixs^''^ , (33) 

47r ZTT 

where the matrix K and the "charge vector" — [ti . . . tp) have integer elements. The filling fraction is given hy v — 
K~^t. A generic quasiparticle carries integral charges of the a/^ field, and is thus labeled by p integers constituting 
the vector 1 = {li . . .Ip). The electric charge and the statistics of the quasiparticle are given hy q — —et^K~^\ and 
9 = 'k\^K~^\, respectively. This description is not unique; as explained in reference [3], an equivalent description is 
given by {K' ,t' , 1') = {WKW^^ , Wt, Wl) where W is an element of SL{p, Z), i.e. an integer valued px p matrix with 
unit determinant. 
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As an example of the above, the = 2/5 state is described by the K matrix and t vector, 

K2/5=(ll) t^ = (l,l)- (34) 



^2/5 -{23^ 

This is an example of what Wen refers to as the symmetric basis, where in general t-^ = (1, 1, . . . , 1). By an SL{2, Z) 
transformation, we can represent the same state in the "hierarchy basis" (which naturally occurs when constructing 
states in the Halperin-Haldane hierarchy) characterized by t-^ = (1, 0, . . . , 0). 

K^/, = wKw^ = ( \ = ^^w^ - 0) ; ^ = ( -1 ? ) ' (35) 



Starting from the Chern-Simons theory (33 1 defined on a finite two dimensional domain, one can derive a dynamical 



theory for the edge excitations. The details can be found in [3 and references therein, and the resulting theory is 



Sed — , 



^ J dtdx [Kijdthd.^j - Vijd^<t>id^4>J + 2eA^e^'•'^,tI^I] , (36) 



where K and t, as well as the quasiparticle vector 1, are the same as in the effective bulk theory (33). This is a 
multicomponcnt chiral boson theory with the current operator given by 

AC p 

J' = -j^ = -^^^''tAcj^i- (37) 
oAf^ Ztt 

The quasiparticle operators (including the electron operator) take the generic form 

^_e»E,',0, ^ (38) 

familiar from abelian bosonization of one-dimensional fermion systems. The numbers Vjj are the non-univeral edge 
velocities, which depend on the details of the confining potential. 

In their original paper on the connection between QH liquids and conformal field theories, Moore and Read made 
two basic claims. The first, which we already have discussed, is that the electronic wave functions can be expressed as 
conformal blocks of certain CFT:s. The second is that this very same CFT is the one dimensional theory describing 
the dynamical edge excitations. This last claim should not be taken literally since it is known that the edge dynamics 
is non-universal. Not only the edge velocities, but also the character, and even the number of edge modes can depend 
on details of the edge potential. Examples are the polarization edge modes related to edge spin textur^^Zl and the 
counter-propagating modes resulting from edge reconstruction as first discussed by Shamon and WeipSl. Thus we can 
only hope that the CFT will provide a "minimal" edge theory consistent with the topological properties of the bulk, 
i.e. that it supports excitations with the same charges. In spite of these limitations, the Moore-Read conjecture about 
the edge theory has been very fruitful, especially in the search for effective field theories for the non-abelian Pfaffian 
statePI 

We shall now demonstrate the connection between the CFT construction of the Jain states and Wen's /^-matrix 
formulation by explicitly working out the case oi v — 2/5. Led by the Moore- Read conjecture, we will start from 



our CFT bulk theory, read off the if-matrix and the charge vector, and show that in the basis where (26 1 are the 
fundamental quasihole operators, one exactly recovers Wen's i^T-matrix and t-vector in the symmetric basis. This is 
consistent with Read's earlier resuliP^ that the symmetric basis naturally describes the Jain states. Alternatively, we 



may choose a basis consisting of either of the charge 1/5 quasiholes in (26 1, along with the charge 2/5 vortex (i.e. the 
product of the two 1/5-hole operators); as we shall see, this instead corresponds to the hierarchical basis. 

The conformal field theory contains the two uncoupled bosonic fields ipi and (p2i compacitfied on radii i?^ = 3 and 
15, respectively. The corresponding action, S — J (PxCcft for the full scalar fields 4>i{x, t) = fi{z) + (pi{z) is obtained 
from the Lagrangian, 



where the information about the compactification radii is contained in the charge vector — (l/v^, l/-\/l5). The 



Lagrangian (39 1 contains both right and left moving fields, but these decouple, and it is known that the dynamics 



of a single chiral component, such as (pi{z), is described by the first order Lagrangian (36 1 with the same K matrix 
and t vectoi*^. In order to directly compare with Wen's formalism, we rescale the Bose fields such as to obtain an 



integer charge vector, t-^ = (1,1): {'Pi,<f'2) = ('Pi/'v/S, </'2/\/l5)- Naively, the corresponding K matrix would then be 
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diag{3, 15). It is however important to remember that a CFT is not defined only by the Lagrangian of the fields (pi, 
which gives the operator product expansions, or fusion rules, of the primary fields (i.e. the vertex operators), but 
also by primary field content, i.e. the allowed vertex operators. In the case of the ly — 2/5 state these allowed fields 
define a charge lattice with the basis vectors given by the quasihole operators (26 1. Thus, we will change to a basis 
(XI7X2) where the fundamental quasihole operators spanning the charge lattice are given by Hi = e^^'. As can be 
seen from (26 1, this is achieved by the field redefinition. 



Xi 

X2 



3(^2 

2 



(40) 



73 



^2 



I 

"Pi 



2(^2 



Inverting this transformation and inserting into ( 39 1 , it is now easy to verify that the resulting K matrix and t vector 
are precisely the K and t in ( 34 1 . 
operators, say -ffio. 



Alternatively (and equivalently) , if we start from a basis of one of the 1/5 quasihole 
together with the charge 2/5 "vortex" H^x = i/io-ffoii corresponding to the change of basis 



Xi 

X2 



"Pi + P2 



(41) 



we find that the corresponding ii'-matrix and t-vector are the ones given in (351, i.e. the hierarchical basis. This 



equivalence, at the effective Ch ern-S imons theory level, of the Jain states and the hierarchy scheme, has been previously 
pointed out by several author^sHM]^ These authors arrive at this result by a general argument, based on similarity 
between the Jain states and filled Landau levels, that ignores the projection on the lowest Landau level. It is reassuring 
that the above demonstration, based on explicitly holomorphic wave functions, leads to the same result. 

This construction straightforwardly carries over to the other fractions in the Jain sequence; for example, in the case 
oiv = 3/7, one may pick the three charge-1/7 quasihole operators of (31 1 as basis of the charge lattice, corresponding 
to the field redefinition 



Xi 

X2 
X3 



35 
3 



<^3 



V2 



<^3 



V>2 



(42) 



Again, this brings us to the symmetric basis, with = (1, 1, 1) and the -matrix given by Kij — 2+6ij. Alternatively, 
we may construct a basis consisting of quasihole operators with charge 1/7, 2/7 and 3/7, respectively, by appropriate 
combinations of the charge-1/7 quasiholes in (31). As before, this corresponds to the hierarchical basis, with t-^ = 
(1, 0, 0) and the same if-matrix as that given by WerP, 



3-10 
K^,, = 1-1 2 -1 



^3/7 



-1 2 



(43) 



V. LOCALIZED QUASIPARTICLES AND FRACTIONAL CHARGE AND STATISTICS 

The present formulation already gives a strong hint for fractional charge and fractional statistics of the CF quasi- 
particles: We have seen from (|7j) that the operator Pj^{z) corresponds to a localized charge at z, and the presence 

of the factor (zi — Zj)™ is suggestive of fractional statistics with angle ^. This is not a proof, however. The usual 
argument for fractional charge and statistics proceeds via the Berry phases produced by adiabatic braidings of local- 
ized quasiparticles. In this section we construct the wave functions for localized states of one and two quasiparticles, 
and use these to calculate the Berry phases relevant for charge and statistics within what we call a "random phase 
assumption" . 

A localized quasiparticle state is constructed as a coherent superposition of a the angular momentum states given 
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in ( 11 ) and ( 15 1. For a single quasiparticle at location rj we have (putting £ = 1) 



(44) 



{\z,\'+\n\'-2m) 



Notice that the normalization constant Miijir/) = A/i (7777)6 imM'^ only depends on the combination 7777. Likewise, we 
construct the wave function for two quasiparticles at positions ^± = N ±fj/2 as 



'f2qp{N,N,7j,f];z,)=U2{N,N,r],f])e-^ 



2^ 2^ T.\ 71 ^2qp\Zt) 



i = l,3,... L = 0,1:- 



71 4to ■' m -I 1.1. 

' l<] k 



(45) 



where Zij = zt — Zj. For 77 = and N = fj = 0, respectively, these expressions reduce to 'i'lqp and ^'2,^, the wave 
functions with minimum angular momentum. The explicit wave functions obtained by evaluating the correlators in 
(44 1 and (45 1, are very similar, but not identical, to the corresponding CF wave functions. One source of difference is 



the slight deviation between the angular momentum eigenstates given by (15) and (16 1, pointed out in section II C 



and shown to be numerically insignificant in section |VI[ The other source of difference can be seen already for the one 
quasiparticle state. The CF wave function reads 



CF 



(i) 
3<k 



('0 



Zk) 



1 

77T, 



(i) 



1 



exp 



E 



Zk\ 



(46) 



but the term proportional to (I/tti— 1)^ is missing in the corresponding CFT wave function. This difference, however, 
is a finite size effect. This term contributes to the wave function only when the exponential factor exjp{f]Zi/2m) is 
expanded to the iV*'' power, and thus amounts to a (nonuniversal) boundary term. 

Before proceeding to the calculation of the charge and statistics of the quasiparticles, it is helpful to recall, as a 
background, the corresponding calculation for the quasiholes of = 1 /m. Consider the normalized wave function for 
one quasihole, given by (l9|: 



(47) 



where ^'l(77; Zi) — Y\^{zi — 771) nfc<;(-^fe ^ zi)™e^^ is the Laughlin unnormalized wave function for a single 

quasihole. The plasma analogy shows that A/"' is independent of 77; the normalization integral of (47 1 is the partition 
function of a Coloumb plasma with a charged impurity, which is independent of the position of the impurity as 
long as it is farther than a screening length (£) from the edge. The Berry phase associated with a circular loop 
?7 = i?e'^; 9 G {0, 2n}, is given by (with h = 1) 



IB = 



2n 



de {^{7j,fj)\ide\^{r,,fj)) 



de (^(t;, rt) I {7]dfj - 7/9^) I *(?7, v)) 



(48) 



= -A-B, 



where A is the area enclosed by the loop, and the last line employs integration by parts and the observation that the 
only 77 dependence in the wave function is from the gaussian factor. The result, as expected, is the Aharanov-Bohm 
phase for a particle of charge e/777,. 

Turning to two quasiholes and again using ([9| we have 



'^{Va,Va;z,)^J\f"{r]i 



^LiVa, Zr) 



(49) 



where ^ biVa] Zi) = Yl^izi — 771) Ojl-^j ~ V2) UkKii'^k — zi)"^e ^ is the unnormalized Laughlin wave function 

for two quasiholes. Naively we would read the fractional statistics parameter as 9 = ir/m directly form the factor 
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— f?2 ) " in ( 49 ) but that gives the correct result only if there is no extra Berry phase (other than the usual Aharonov- 
Bohm phase) associated with the exchange path (here integrating 6 from to tt^P^I. The absence of additional phases 
can be confirmed by an explicit calculation using the plasma analogy for a system with two impurities separated 
farther than the screening distance, Iq. Taking rji = —772 = jy, we get 7^^ — —-^BttB?, which is nothing but the 
AB-phase expected from the exchange of two charge ^ particles through a circular path with radius R. That allows 

us to read the exchange statistics phase directly from the factor {rji ~ 772)™ in (49). Wilczek and NayalP^ suggest 
that it is no coincidence that (|9| yields a wave function with no Berry contribution to the statistics angle; they make 
a conjecture, supported by arguments, that QH wave functions given directly as correlators, or conformal blocks, of 
a CFT have vanishing Berry phase (forgetting the Aharanov-Bohm contribution) so the exchange statistics can be 
obtained from the so-called monodromy, which in this simple case is just the phase e*^'^/"* produced by the factor 
(771 — 7/2)"" when the quasiholes braid around each other along closed paths defined via an analytic continuation of 
the original wave function. In the more general case of non-Abelian fractional statistics, several conformal blocks 
correspond to the same configuration of quasihole coordinates, and the monodromies are now matrices that encode 
how these conformal blocks transform into each other under braidings of the coordinates. 

Rather than using (48 1, we follow Kj0nsberg and Leinaas who showed that for a (normalized) wave function of the 
form, ^{rj, fj; Zi) = M {f]r])'^ f^{ri , fj; z^), where A/" is a real function only of 7777, the Berry phase is given bj^^H 



IB 



d9{^{r,,f])\ide\^{r,)) 



(50) 



The Laughlin wave function for a single quasihole at rj or two quasiholes at ±77 has this form. The upper limit is 
taken to be = 27r for a single quasihole, and = tt for an exchange of two quasiholes. From (47 1 and (49), the 
normalization constants are given by (up to an 77 independent factor) 



'72I" 



(51) 



so the formula (50 1 can be applied. (We have assumed sufficiently far separated quasiholes.) For a single quasihole loop 
of radius i?, (50 ) gives the Berry phase —2'KAB{e/m). For two quasiholes at ±77, the Berry phase is (vr/m) — AB{e/m) 
(with O = tt). The difference, tt/iti, gives the contribution from fractional statistics. In this case, there is no 
monodromy, and the the full statistical phase appears as a Berry phase.-^^^ 

We now turn to the case of quasiparticles, where we need to calculate the relevant normalization constants from 



the wave functions ( 44 1 and ( 45 1 . Because the sum in ( 45 1 extends only over even powers of 77, the holomorphic part 



is single valued under 77 — > —77, implying an absence of monodromy contribution to the statistical angle, and thus 
both the charge and statistics can be extracted directly from A/i and Af2, provided that they can be chosen as real 
functions of ^77 only. For quasiparticles, the normalized wave function has the form M {fjr])^! (fj) , and the Berry phase 
is given by 



7B = -eR'^lnM{fjrjr 



(52) 



Unfortunately, the calculation of the normalization factors is more difficult than in the case of the quasiholes, because 
the electronic wave functions ( |44| and ( |45[ ) involve sums over correlators; e.g. for two quasiparticles the relevant 
integral is ~ E„fez(-l)'+''+''+'lPl (^O^iPj) np^'''^"^^i(^p)> (-Pi (^fc)Pi (^/) If, however, we keep only 

the diagonal terms in the sums, which amounts to a kind of random phase assumption discussed in the next section, 
then the normalization factors can be calculated as shown in Appendix [C] The calculation of the normalization 
constants, outlined in Appendix [C] gives the result: 



= A^f 



77 = Re' 



77 : 



R 



(53) 
(54) 



Using (52) we can extract the fractional charge from the Berry phase corresponding to a single quasiparticle, 

7B = —Bt:{R^ + 2mi^) = —BA + 2-k , 



(55) 



so the leading term is precisely the expected AB phase for a charge e/m object. The 0{£^) term is a quantum correction 
to the "classical" R^ . Such corrections have been discovered earlier both in the context of CF quasiparticle^^^ and 
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noncommutative matrix model^^. The statistical angle is obtained by subtracting this result from the Berry phase 
extracted from the exchange path. Remembering that the effective area enclosed by the exchange path is nE? /A, we 
get 



iB - -^IB 



m 



(56) 



This reproduces the resul t obtained f rom a direct numerical evaluation of the Berry phases from the composite fermion 

SliS) xhe statistics of the quasiholes and quasiparticles obtained above differ in sign, 



wave functions (44) and (45 



contrary to the expectation from general considerations based on e ffective Chern-Simons or the CF theory, and we 
want to comment upon this. Both normalization constants in (53 1 are of the form Af ^ {B?)°-e~^^ , and from the 



derivation in the Appendix one sees that the constant a is unambiguously determined, and the same holds for the 
fractional part of 6, while the integer part of b could in principle be shifted by using a different prescription for the 
ordering of the derivatives. However, this does not necessarily mean that the frational part of 9 is well determined 
since it is sensitive to a cancellation of a large number of terms proportional to in the Berry phases. The above 
result is based on the assumption that we have correctly identified \t]\ as the distance between the two quasiparticles. 
This question is discussed in some detail in in Ref. 'TO where it is shown that the distance between two quasiparticles 
is slightly different from |?7|; correcting for the distance produces the same statistics as for quasiholes (modulo an 
integer). Because our wave function is closely related to the CF wave function, similar considerations should apply 
here as well. 



VI. NUMERICAL TESTS 



This section concerns quantitative tests of the CFT quasiparticle wave functions. The numerical tests consist of 
two parts. In the first part, we compare, at filling factor i/ = 1/3, the two-quasiparticle wave functions (15 1 obtained 



from the conformal field theory with the standard wave functions from the CF theory by calculating their Coulomb 
interaction energies and overlap. We will find that the two are practically identical. In the second part, the random 
phase approximation used in section |V] is examined. 



A. Two-quasiparticle wave function 

The A^-composite fermion wave function for two quasiparticles at filling factor v = 1/3 is constructed by compactly 
filling the lowest CF-LL hy N — 2 composite fermions, and placing the remaining two composite fermions in the 
second CF-LL. We consider below the state in which the two "excited" composite fermions are in angular momentum 
orbitals, and occupy the smallest angular momenta. The wave function for this state is written as 



CF 



Vi-iizi) ?yi -1(2:2) ■■• Vi-iizN) 

m,o(-2i) m.oi^2) ■ ■ ■ m,o{zN) 

mA^i) vo,o{z2) ■ ■ ■ vo,o{^n) 

VoAzi) rioAz2) ... f?o,i(^Jv) 

riO.N-3{zi) r]Q,N-3{z2) ■ • • ■r]o,N-3{zN) 




(57) 



where T'lll denotes projection into the lowest Laudau level (LLL), and r]n^rn{z) is the single particle eigenstate in 
symmetric gauge: 



7;„,™(z,z) = Ar„,„e-l^l'/4 ^(-1)'= 



k—ka 



n + ni 
n ^ k 



1 



^k^k+m 



(58) 



in which n = 0, 1, 2, . . . labels the Landau level index, m = — n, — n+ 1, —n-\- 2, ... is the angular momentum quantum 
number, fco = max(0,— m), and 



27r2™(n + m)! 



(59) 
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is the normalization constant. As usual, the magnetic length has been set to unity. The wave function can be shown 
to be equal to 



^-CF = "Plll 



ZlZl 


Z2Z2 ■ 


■ znzn 


Zl 


Z2 ■ 


zn 


1 


1 . 


1 


Zl 


Z2 ■ 


■ ZN 


Zl 


Z2 





Zk\ 



(60) 



Following the standard procedure, the projection procedure is accomplished by expanding the determinant, moving 
all z's to the left, and replacing z by 2d/dz (with the convention that the derivatives do not act on the Gaussian 
part). A technique developed in Ref. |36j has made it possible to perform the projection in a more convenient manner, 
which is the one we use below. (This method gives projected states very close to those obtained by "brute force" 
projection.) The projected wave function is written as 



(u) {ij) (if) 

= 5](-i)^+^(z.-z,)'n(^.-^fc)'n(^.-^o' n(^" 

i<j k I m<n 



Zn)' 



{Zi - ZjY 



E 

k,l 



{Zi - Zk){Zj - Zl) 



E 



{Zk - Zi){zk -~ Zj) 



exp 



Zk\ 



(61) 



The symbol (ij) denotes that indices i and j are excluded in the summation or the product. The total angular 
momentum of (61 1 is 



7 



-N + 2. 



(62) 



Numerical simulations for the wave function in (61) have shown that it produces better variational energy than the 
two quasiparticles wave function obtained by generalizing Laughlin's single quasiparticle state^ 

The CFT wave function for two quasiparticles located at the origin is given by (14 1. To make contact with the 
above CF wave function, we set the center of mass angular momentum to zero and put the two quasiparticles in 
the smallest relative angular momentum channel / = 1; that produces a wave function that has the total angular 
momentum given in (62 1 . For these parameters, the CFT ansatz for the two quasiparticles wave function ^'cft 
h' — 1/3 reduces to 



(ij) (ij) (ij) 

*CFT - 5](-i)'+^(z.-z,)3n(^,-z.)'n(^/-^.)' n(^" 

i<j k I m<n 



Zn)' 



(63) 



1 



9 (z, - z,)^ 



E 



1 



(zk - Z^){zk - Zj) 



E 



(Zfc - Z^){ZI ~ Zj) 



exp 



Zk\ 



To compare the two-quasiparticle wave functions in Eqs. (63 1 and (61 1, we compare their Coulomb interaction 
energies and also calculate their overlaps. The Coulomb energyjin units of e^/e^o) is defined as 



E ■ 



{• 


ly 1 


•) 









(64) 



We do not include here electron-background and background-background contributions; these are not necessary for 
the present purpose, as they are identical for the two wave functions. The overlap is defined as 



O 



cftI^cf 



cftI^cft) (^cfI^cf) 



(65) 



Both quantities are evaluated using Metropolis Monte Carlo integration. A single data point is obtained by averaging 
100 independent Monte Carlo runs, with ~ 1.2 x 10^ iterations in each run. For = 50 electrons, the total 
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iV 


-ECFT 


ECF 


O 


10 


7.76619(62) 


7.76600(62) 


0.9999301(2) 


20 


24.1403(19) 


24.1402(19) 


0.9999274(4) 


30 


46.3258(18) 


46.3257(18) 


0.9999274(3) 


40 


73.2339(17) 


73.2339(17) 


0.9999266(2) 


50 102.0588(16) 102.0585(16) 


0.999613(5) 



TABLE I: The Coulomb energy -Eqft (^-cf), quoted in units of /e£, for the CFT (composite fermion) two-quasiparticle wave 
function ^^cft (^'cf). O is the properly normalized overlap between the two candidate wave functions for a number of system 
sizes A*'. In ^'cft, we set L = and I = 1. The definitions of energy and overlap are given in the text. The Monte Carlo 
statistical uncertainty is shown in brackets. 
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FIG. 1: Density profiles of ^I'cft and 'i/cF for N — 40 (left panel), and 50 (right panel) particles. "GS" denotes the v = 1/3 
background obtained from Laughlin's wave function. The horizontal dashed line indicates 2/3 units of charge. In both cases, the 
excess integrated charge for 5'cft, denoted by thick dashed line, shows the correct quantized value. The statistical undertainty 
in Monte Carlo is smaller than the widths of the lines. 



computational time is approximately 100 hours on a single node of a Beowulf-type PC cluster consisting of dual 3.06 
GHz Intel Xeon Processors. The results are summarized in Table [l] The excellent agreement demonstrates that the 
two two-quasiparticle wave functions are essentially identical. Figure [T| depicts the density profiles of the two wave 
functions for = 40 and 50 electrons. The excess integrated charge {i.e. the charge measured relative to the v = 1/3 
background) for the CFT wave function is also shown. The excess charge has a well-defined plateau at 2/3 before 
the edge distortion. (The creation of two quasiparticles near the center of the droplet induces two quasiholes of equal 
charge at the edge.) 



B. Random Phase Approximation 

The composite fermion quasiparticles have been shown to possess well-defined fractional braiding statistici^. The 
comparisons in the previous subsection imply that this property, in principle, carries over to the CFT quasiparticles. 
However, one of the strengths of the CFT description of the FQHE states is that it reveals the braiding properties in 
a transparent manner. 

A calculation of the braiding statistics requires wave functions for spatially localized quasiparticles, which are 
constructed in the previous section. A key observation is that the braiding statistics can be obtained from the wave 



function normalization factor, which depends only on the coordinates of localized quasiparticles (c.f. (45 1 ). However 
it is difficult to obtain an explicit analytical expression for the normalization factor for localized quasiparticle states, 
because the localized quasiparticle wave functions are sums over many correlators; for example, the relevant term in 
the integral for the normalization factor of a single quasiparticle is 

n yrnizk)){Pm{z,) [] Vmizi)) . (66) 
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The analytic form of the normaHzation factor can be obtained by assuming that only the "diagonal" elements in ( 66 1 
are relevant, which we have referred to as the random-phase assumption; the braiding properties of the quasiparticles 
can be derived under this approximation and are in agreement with the known results. In this section we test the 
random phase assumption for a single localized quasiparticle. 

The wave function for a single quasiparticle ai v — 1 /m localized at fj is written as 

*lqp(^) = E(~l)'' e-^^\^\''+'^^-HPra{zd n Vm{z,)), (67) 
i j^i 

with the correlator {Pm{zi) Yij^i ^i(^i)) given by 

W -1 / 1 \ 

{PMU^miz,)) = Hi', - Z,r \{{Z^ Z,y--^ ^ • CXp U - ^ . (68) 

j^i j<k j^i j^i \ I / 

For simplicity, we define the notation 

F{z,) = i-iy e-^^'i'^^PMliVmizj)). (69) 

Then the wave function ^'iqp(^) can be expressed as 

^iqp(^) = e-i^l^''I^^F(z,). (70) 

i 

The square of the normahzation factor, A/i(7/, fj), is given by the integral 

k 

( N N 

= e-^l'^l^ J Hdz, I + E E iF*i'^)nz,) + F{z,)F*{z,)] 

k I z— 1 i—l i<Cj 

= Aldiag + Aloff-diag- (71) 

Mdiag and Aloff-diag are the "diagonal" and "off-diagonal" contributions to the full normalization factor, respectively. 
We calculate the ratio A^diag/A/i(77, ??)^ for several quasiparticle locations for v = 1/3. The result is shown in Fig. p] 
The principal conclusion is that the contribution of the single diagonal term is of the same order as that of a large 
number of off-diagonal terms. Although not conclusive, this suggests that the diagonal term used to calculate the 
quasiparticle charge and statistics in section [V] will be dominant, thus providing a partial justification for the neglect 
of the off-diagonal terms. 



VII. SUMMARY AND OUTLOOK 



In this paper we have extended the class of QH wave functions that can be expressed as correlators in a conformal field 
theory to include the quasiparticle states at the Laughlin fractions, as well as all the ground states in the positive Jain 
sequence and their quasiparticle and quasihole excitations. The connection between the CFT operators and composite 
fermions was explicitly demonstrated by constructing n fermionic vertex operators V^,„, built from n compactified 
scalar fields, corresponding to the n filled CF Landau levels aX v = n/{2np+ 1). For these states we also constructed 
the fractionally charged excitations: At = n/(2np+ 1), there are n independent hole operators (corresponding to 
removing a composite fermion from any one of the n filled CF Landau levels) and one unique quasiparticle operator 
(corresponding to putting a CF in the empty (n -I- 1)"* Landau level). The fermionic vertex operator V^^„ at level n 
is closely related to the quasiparticle operator of the Jain state with n — 1 filled CF LLs; in this sense, the ground 
state at the fraction n/{2pn+ 1) of the Jain sequence may be viewed as a condensate of quasiparticles of the state at 
(n — l)/[2p{n — 1) -I- 1]. It should be noted, however, that these quasiparticles obey well defined fractional statistics 
only in the dilute limit. We also showed that the conformal field theories used to obtain the CF wave functions give 
precisely the chiral edge theories that are expected from general considerations within the effective field theory scheme 
developed by Wen, thus giving microscopic support to that approach. 



19 



T1=(0.0,0.0) I — B — I 

r|=(2.0,0.0) 

Ti=(4.0,0.0) :---o---: 

Ti=(6.0,0.0) ^ • : 



4 
3.5 
3 

^ 2.5 
z 

^ 1.5 

1 

0.5 


0.05 0.1 0.15 0.2 0.25 0.3 0.35 
1/N 

FIG. 2: The ratio 7Vfdiag/A/i(7), r?)^ for several quasiparticle location r\. The coordinates are in units of magnetic length. The 
results for r\ = (6.0, 0.0) are not plotted for A'' < 10 because of significant edge effects. 
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An attractive aspect of the methods developed in this paper is that they can be extended and applied to other 
quantum Hall states. For example, in a recent paper, a straightforward generalization of our vertex operators was 
employed^ to describe the states observed recently by Pan et.aH^^ which d o not belong to the principal series 
V = n/{2pn + 1) but have been modeled as the FQHE of composite fermionj ^^^"^°l Generalizing our methods to 
include the negative Jain sequence, v — n/{2np — 1), or more generally to states obtained from condensing holes, is 
a more challenging problem. Another interesting challenge is to find a CFT operator that directly creates a localized 
quasiparticle, rather than having to construct it as a coherent superposition of angular momentum states as was done 
in this paper; work on this question is in progres^^ll 
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APPENDIX A: THE BACKGROUND CHARGE 



Definition of correlators of vertex operators such as ([s]) requires introduction of a compensating charge to satisfy the 
neutrality condition implied by the conserved U{\) charge^. This can be done in different ways. The simplest is to 
put a compensating charge Vf,g(zoo) — e^*^^™'^(^°°) at the position Zqo, taken to infinity, and define the correlator by 
a limiting procedure 

■^l{z,)= lim z"'''\Vi{z,)V,{z2)...V^{zM-i)V,{zN))=\\{z,-z,r . (Al) 

This prescription does not produce the exponential factor e~^' l^*' , characteristic of a lowest Landau level wave 
function. 

In this paper we use the prescription given in Ref. HJ which corresponds to a smeared background charge given by 
the operator 



(A2) 



where Pm — Po/w with pg — eB/2TT the density of filled Landau level. The difficulty with this prescription is that a 
direct evaluation of the correlator gives a contribution 



-mp^^^ .J" d^z\n{z — Zi) 



(A3) 



where the presence of the logarithm makes the imaginary part of the integral undefined. The aim of this appendix is 
to give a regularized version of the smeared background charge that: i) is well defined; ii) reproduces the pertinent 
gaussian factor in (^; and iii) differs from (|8]) only through a well defined (although singular) gauge transformation. 
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The idea behind our regularization is to replace the continuous background field by a lattice of singular flux tubes 
of strength 

^^=^='^, (A4) 
n ne 

which defines the integer n. 

First consider a single electron in the presence of a single (fractional) flux tube at the origin. The wave function 
close to the flux tube behaves as 

^(z) ~ z-^ , (A5) 
so for a single electron in a flux tube lattice, it is natural to consider a wave function of the type 

i,{z;{zn})^f{z)]l{z~zn)-^, (A6) 

n 

which has the correct singular behaviour at the lattice points Zfj and satisfies the Laplace equation, 

V^^P{z;{zn})^Ad,dMz;{zn}) = ; z {zn}. (A7) 

This is not a suflicicnt condition for an acceptable electron wave function - we must also require that ^'{z; {za}) is 
normalizable. As we now show, this will determine the allowed analytic functions f{z). Without any loss of generality, 
we specialize to a regular lattice of K points Zfi = (rij. + iny)a with spacing a that covers a total area A - this is our 
regularized version of a uniform flux <f> — KS(j) corresponding to a uniform field of strength B = ^/A inside the area 
A. We will ignore edge effects. 

Since we have lim^^oo '0(z; {^^s}) ~ f{z)z~^2^, and normalizability required^Sl Hm^^oo V-'(-2^; {^n}) ^ ^/z, we de- 
mand f{z) ^ z'^ where, 

S(t> $ 

where we choose A so that $/27r is an integer. This can be rewritten as 

k + l<^^Apo^No, (A9) 

where Nq is the number of states in the lowest Landau level. This result makes it plausible that, in the limit of large 
n, the functions (A6l with 

Na-l 

f{z) = J2 ^'^^'^ 

fe=0 

will give a good description of the lowest Landau level at a magnetic field of strength B. To show this, we rewrite '0 
as 



^{z;{zn})^fiz)l[i^-^) ni^--^"!^^' (AlO) 

\Z Zn J 
n n 

and approximate 

n k - ^d-- = exp ^ In |z - zrA] « exp f-|^l / d\' In \r - A = e-^^l^l^ . (All) 



The last integral was calculated as 



dV ln|r-r'| = ^y"dV ln|r-f'|V2,r'2 = ^ J S^{r - r^y^ ^ , (A12) 

where we integrated by parts and neglected boundary terms. (The justification is that there is an understood density 
function p{f') that rapidly falls to zero outside the area A but is essentially constant inside. This still leaves an edge 
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correction due to the derivatives acting on the profile that we ignore.) Finally we note that = K5(j)-^ 
1 



T ~ IF, where (. is the magnetic length corresponding to the field strength B, so the approximate wave functions 
are of the form 



/We" 



(A13) 



and are expected to be valid in the limit of a/£ — > 0, and z well inside the lattice. We have thus recovered the standard 
lowest Landau level wave functions, albeit in an unconventional gauge defined by the (arbitrarily chosen) fiux lattice. 
This conclusion is also strongly suggested by the numerical calculations of Pryor, who shows that already for rt = 8, 
at least four flat bands are identifiable in the electron spectrum, corresponding to the four lowest Landau levels^. A 
generalization of the analytic argument presented above to include higher Landau levels would be interesting. 
Returning to our original goal of regularizing the operator insertion ( A2 1 , we see that 



(A14) 



will do the job in the limit a/i"^ — > 0, because the total U{\) charge of the K vertex operator s Va equals 
—Ka?'eB/2'Km, = —Apm = —N, where N is the total number of electrons. Making the replacement (A14l in ([8| 
dAll in (Isl) 



Vi{z,)Vi{z2)...Vi{zM)ll< 




(A15) 



and using the same approximation as in (All I, we regain the correct exponential factor (The contraction of Vi{zj) 
^i^d rin^bC-^n) gives the factor !!« l-^j ~ z^\^^'^^'^^ which, according to (All), gives the Gaussian factor for zj), an 
unimportant constant from the contractions between the different Vt,'s, and also a singular and rapidly changing phase 
factor just as in (A13l. This is the regularized version of the statement in reference H| that (ISl "is trying to give us 



the answer in a gauge where the vector potential is zero, which means it differs by an everywhere-singular gauge 
transformation from the usual symmetric gauge vector potential for the uniform background magnetic field." Here 
we should also mention that in correlation functions involving the full scalar field, (f){z,z), the singular phases will 
cancel out, so these are well behaved functions even in the limit of vanishing lattice spacing. Finally, we note that the 
regularization procedure outlined above suffers from a formal difficulty - it introduces vertex operators with charges 
that do not belong to the charge lattice of the CFT under consideration. Putting a compensating charge at infinity 
would not suffer from this problem, but would also not correspond to a homogeneous system. 



APPENDIX B: EQUIVALENCE BETWEEN CFT AND CF WAVE FUNCTIONS 

In this appendix we provide derivations for some of the formulae in the main text, and prove that the CFT wave 
functions for the states in the Jain series indeed reproduce the wave functions from the CF framework using a direct 
projection on the LLL. 



1. An identity 



We begin by deriving the central relation (13). The basic idea is to express the antisymmetrization as a Slater 
determinant and then use the Laplace expansion of an {N + M) x {N + M) determinant, 

detA = ^ e-p.detB^detC,, (Bl) 

i 

where the sum is over the ^ ^ ^ ^ ways in which a, N x N matrix Bi can be formed from the first N rows of A, 

Ci is the complementary M x M matrix and ep. is the sign of the permutation needed to bring the N columns of Bi 
followed by the M columns of C,; into the original order .i-*^ This formula generalizes the expansion by a row used to 
derive (111 for the one quasiparticle case. 
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We have, 



M 



A {\[{zp - z,)i/"+'-Pi(zi) . . . Pj_{zm)Vi{zm+i) Vi{zn)} 

M 



(B2) 



M 



{i„} •Ps P<9 •Pt 

M 

{in} P<1 

where {ri . . . rpj} is a permutation, Vr, of {1 . . . N}; {si . . . sm} is a permutation, T^^, of a subset {ii . . . ijv/} of the 
N integers; {Im^i . . .In} a permutation, Vt, of the conjugate set {ii . . Am} oi N — M integers; and e-p^ etc. the 
corresponding sign factors. The symbol Ipq denotes the relative angular momentum, and TZ is the radial ordering 
operator. The sum } over all the N\/M\{N — M)\ ways of doing this partition, and e{i„} is the sign of the 
permutation needed to order the M rows of the first partition to the left in the Slater determinant. In the above 
expression, the second line is the definition, the third row follows from the Laplace expansion, and the last by noting 
that the prefactor makes the expression explicitly antisymmetric under exchange of coordinates in the subset {«„}. 
Antisymmetry under exchange in the second subset is already guaranteed by the anti-commutation relations for the 
Vi:s. As in the single quasiparticle case, no extra signs are obtained by the final radial ordering because P and Vi 
commute. 



2. Equivalence between the v = 2/b CF and CFT wave functions. 



We now prove that the CFT wave function (22) for v — 2/5 is identical to that of composite fermions. Recalling 
that (22 1 differs from (18) only in that all the derivatives are on the left, we have the following explicit expression 



(recall that N = 2M so there are M Vi:s and M V2:s in the correlator), 

M 

ii <?2 ...i M k<il 

ki k2 fcjv m<n 

To write this in the CF form, we factor out a full Jastrow factor: 

= E i~i)^^'"'d.,^d^^^...d^^^^i[iz,,-z,,y n i^m-z^y II {z,-z,r (b4) 



ii<i2.--iM 



k<l 



The first two Jastow factors are nothing but the Vandermonde determinants of the subset / = {z^^ . . . Zij^} and the 
conjugate subset J — {zi^ . . . z^^^}. Also useful is the operator identity 
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Zl Z2 
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dziZi dz2Z2 
dzi zf dz2 2^2 



(Jzi Zl 



M-1 



dzM 

8 ^2 



M-1 



(B5) 



which follows because each coordinate, as well as the corresponding derivative, appears once and only once in every 
term when the determinant is expanded. We can now use the Laplace formula, (Bll, in the opposite direction to 
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write 



CFT 
2/5 



d. 


d-. 


d-. 


dziZi 


dz2 Zl ■ 


dzj^ zn 


dz.zf 


dz^zl . 


dzN Zn 








1 


1 . 


1 


Zl 


Z2 


ZN 


Zl 


Z2 


Zn 


M-1 
Zl 




M-1 

Zn 



N 



J|(Zp - z^f 



dz 



1 

Zl 
Zl 



Zldz^ Z2dz, 

z'ldzi -^If^Z; 



1 

Z2 
Z2 



9z„ 
ZnQzjs, 
Zn^zis, 



A/- 



Z7V 
22 



.M-1 



Yl{zp~z,f, (B6) 



where we omitted an unimportant sign. The last expression is, up to an overall normalization factor, the CF wave 
function as given in referencd^H, 

The last identity in ( B6 1 follows because when the derivatives act on the factors in the determinant they give a row 



that is already present in the lower part of the determinant. For this to be true it is necessary that all the angular 
momentum states are present and that there are at least as many rows without derivatives as those with derivatives. 
These conditions correspond to having a maximum density droplet of electrons in the second CF Landau level which 
is no larger then the droplet formed by the electrons in the lowest CF Landau level. This completes the proof of the 
statement in the main text. 



3. The general CF operators and the Jain series 

We now extend the previous analysis to a general state in the Jain series. First we give the explicit expressions for 



the operators Vp,n discussed in section HID 



e 



iy2^ipi(z) 



Vp^z) = a2g.^v'i(^)gV(^p+i)(4P+i)^^^"'eVi+3l*T'^-'(^) (B7) 

Vpn{z) = 9"-ie'vfeT'^i(^)eV(W(4p+i)'^"^''^ . ^ eVpp("-'')+'ipp(»-i)+i] ^""^^''^eV 2('-''itp+i y^(^) ^ 
Because all ipi^s commute, we can write 

Vp,„(^) = 9"-'e*^"(^\ (B8) 

where (fi — (pi and 



ri-l 



i^i v/[2(A:-l)p+l](2fcp+l)" Y2(n-l)p+l 
Using the sum formula: 



El n /T3 n\ 

[2p{k - 1) + l][2pfc+ 1] ^ 2pn+l ^ ' 



and the charge density operator 



J(z) = dz(pi(z) + dip2(z) ■■■+ --dipniz) (BU) 



it can be shown that the operators (B7) satisfy the properties stated in the text vis a vis charge and statistics, and 
also give the filling fraction v = 2pn+i ■ construct the wave function for the general ground state in the 
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Jain series by a recursive procedure. For a total of N = nM electrons, it is natural to write 



M 



2M 

n 

] = M+1 



nM 



Vr 



p,n~l\Zj 



n 



(B12) 



The proof that this indeed reproduces the v = n/(2pn+ 1) CF wave function, is a straightforward generalization of 
that given for 2/5 in the previous section. It involves using the Laplace formula (Bll iteratively n—1 times, breaking 
the problem down into the n groups (Landau levels) of particles, in analogy with the procedure in section B 1| The 



generalization of (B3 1 then contains n—1 sign factors, one for each additional group of particles, and one can follow 
the logic of (B4| - (B6l (with n (M x M) subdeterminants instead of two) to derive the equivalence of the CF and 



CFT wave functions. 



APPENDIX C: THE NORMALIZATION FACTORS jVi AND JV2 



We begin with a single quasiparticle. Using the explicit form (44), and keeping only the diagonal terms in the 
double sum in the normalization integral we get. 



(CI) 



Here and below we use the sign ~ to indicate that we neglect ?7-independent constants. We write Pj_(zi) = diPj^{zi) 
and Pj^(zi) = diPj^{zi) and perform the Zi integral after making the approximate substitution Zi rj in the 
correlators. This gives 



Wi{ri,n)\- 



d^{P2^{v)X{V,{z,)) 



d,{P2^{v)X{Vi{z,)y 



(C2) 



Note that we first moved the derivatives in the operators P^ij) outside the expectation values. That this is allowed 

follows either from a direct calculation, or from noting that Pi_ (z) is a descendant of the primary field Pj_ (z) and 

using standard methods to express the correlator of descendant fields as derivatives of correlators of primary fieldd^. 
It is important that all sign factors cancel in the diagonal terms. 

Next we note that the 77 dependence of each correlator is given by (Pi (77) Ilj^i ^i(^i)) ~ ^^p [— (rn — l)|77p/(4m)]. 
This allows us to move the derivatives outside the full two dimensional correlation function. Reintroducing the 
magnetic length, £, defining = 9^ + cry with c = (m — 1)/(to^^), and noting [£>.,,, _D,,] = 0, we get. 



(C3) 



The right hand side of this equation is now in a form where plasma analogy arguments can be applied: the integral 
is the free energy of an overall neutral plasma with a charged impurity at the fixed postion 77. This free energy is 
independent of the impurity positions because of screening, so finally, using DjjD^l = fjr] + c, and noting that all 
terms in the sum give identical contributions, we conclude that to leading order in i'^/\r]\'^, \Afi{r],fj)\~'^ ^ fjij, which 
gives (53 1 in the main text. 



The calculation of the two quasiparticle normalization factor, \Af2{N, rj; N, fj) \ follows in an analogous manner, with 
some extra complication due to the more complicated exponential factors in the expression (45). Again keeping only 
the diagonal terms and completing squares in the exponents, we get. 



\Af2{N,7r,N,fj)\~ 



d2z,,d2^,,e'^l^--^l'[e-i^l^--''l'+e-i^l--+"l'-2cosi9e-i^(l''l'+l--l')] 



V'- f n rf'^fe[9.5,(Pi(z,)Pi(z,) n V,{zk)md,{Pj_{z,)Pj_{z,) Y[ V,{zk))], (C4) 



k^i,j 



where e*'' = rjZij — Zijij, and overall constants are suppressed and the derivatives are moved outside the expectation 
values. Because of the gaussian factors in \Zij — A^l, we can approximate the integral by substituting the maximum 
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value Zij ^ N = ■^{1]+ + V-)- The third term in the square brackets cosd) is maximum at Zij = 0; the integral 
vanishes with this substitution because of the factor {zijZijY~^ , This term is therefore neglected. The remaining 
two terms are equal. For the first term, we have Zij = 77 = ry+ — r/_. Proceeding as before, defining I?+ — + cfj+ 
etc, and using that the fy+ dependence of each correlator is ^ exp[— (m — l)|?7p/(4m)], we get, 

|A/'2(iV, 77; TV, 77)1-2^ J J] d^Zk[d,d,{Pj_{z,)Pj_{z,) H Vi{zk))md,{Pj_{z,)Pj_{z,) l[ Vi{zk))] (C5) 

k^ij k^ij k^i,j 

= D+D_D+D^ j W (fzk\{Pj_{zi)P^{z.j) n 



k^i,j k^i,j 



The integral is now the partition function for a neutral plasma with two impurities at positions 77+ and rj^ and this 
free energy is again independent of the impurity positions because of screening. We thus have D+D-D^D^l = 
c^[c^|77+p|77_p + c|7;-|_p + c|77_p + 1]. Finally, taking N = and substituting z± — ±77/2 in the above expressions. 



and noting that all terms in the sums give identical contributions, we get, to leading order in i /\ri\ , the formula (54 1 



quoted in the text. Retaining the leading order contribution is valid in the limit when the quasiparticles are far sepa- 
rated; this suggests corrections to statistics for smaller separations, as also found in direct numerical evaluations^^ 
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Later the non-Abelian statistics has also been understood in the context of d-wave paired superconductors'^ and has also 
been studied numerically'^. 

An asymmetry in the description of the quasiparticles and quasiholes at v = 1/m has been a striking feature of other 
descriptions as well. In Laughlin's theory, a quasihole at position rj is represented as a vortex Yli{^i~v)i while a quasiparticle 
is created by a complicated operator involving many derivatives. The fractional statistics of the quasiholes is easy to derive, 
while the statistics of the quasiparticles eludes a precise analytical treatment. In the Ginzburg-Landau-Chern-Simons effective 
theories, the quasiholes and quasiparticles are described by vortices and anti-vortices respectively, and again there is an 
asymmetry in the description.'^ 

A more careful evaluation of the correlators using a regularized background charge (c/. Appendix A) does give a contribution 
also from the exponential. In order to have holomorphic wave function this must be cancelled by replacing di with a suitable 
covariant derivative. Since this in the end amounts to a mere change of notation, we simply use the rule that the derivatives 
do not act on the exponential part in the correlation function. 

As straightforward projection tends to get computationally heavy in numerical calculations with many particles and a large 
number of derivatives, slightly different methods of obtaining LLL wave functions have been employed in most of the CF 
literaturj^. These, too, are often referred to as projection. For a single quasiparticle the different prescriptions agree, while 
in the general case they produce very similar but not identical wave functions. It is the brute force projection which exactly 
matches with the CFT construction for the Jain sequence ground states. 

The quantity M{fj'rf) can be interpreted as the (diagonal element) of the quasihole density matrix, M{r),fff = p(ri,ff) = 
il){r])il){fjy , where the factor '(/'(t?!, 772) is the quasihole wave function. 

This is the correct condition on a sphere (or a compactified plane). On a real plane the last mode will be marginal in the 
sense that the normalization integral will have a logarithmic divergence. 



